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As the Title Says…
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• Benefit-Risk evaluation

• Handling missing data

• Universal (non-parametric) sample size formula for 

parallel group trials

(this one is joint with Lu Tian of Stanford)



Main Idea 
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• Organize endpoints by importance

- Compare pairs of patient data on most important endpoint

Possible outcomes: better (+1), worse (-1), tie (0) (Mann-Whitney U test)

- Comparison is a tie? Compare next-most important endpoint 

Comparisons occur at minimum of follow-up times (Finkelstein-Schoenfeld)

• Calculate 𝜽 = 
𝑷𝒓𝒐𝒃(A > B)
𝑷𝒓𝒐𝒃(A < B)

(“>” means better than, “<” worse than. A and B are 

randomly selected patients from Groups 1 and 2)



Examples
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Endpoint 1: time to death. Endpoint 2: frequency of hospitalizations

A

B

Who did better?

✓
Death

Death

Case 1

B

A

Case 2
Alive

Alive

Hosp.

Hosp.

Hosp.

✓

Hosp.

Hosp.

Hosp.
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Benefit-Risk



Current Approach
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• Drug approval depends on benefit-risk evaluation

- Benefit: efficacy endpoints, formally evaluated

- Risk: subjective evaluation of adverse events

Combined evaluation is subjective

Side note: term ‘benefit-risk’ is not symmetric

Benefit: gain that will be accrued

Risk: harm that may be experienced

Neutral term: benefit-harm



Example: Idiopathic Pulmonary Fibrosis (Ofev) 1/5
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Primary efficacy endpoint: Annual rate of decline in forced vital capacity (FVC)

Similar for INPULSIS-2

Richeldi et al. NEJM 2014



Efficacy: IPF (Ofev) 2/5
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Key secondary: time to first acute exacerbation

Richeldi et al. NEJM 2014



Efficacy: IPF (Ofev) 3/5
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Other secondary: FVC percent predicted and survival 

FVC percent predicted:

Similar for INPULSIS-2 

Survival

Richeldi et al. NEJM 2014



Safety: IPF (Ofev) 4/5
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Source: Ofev USPI



Safety: IPF (Ofev) 5/5
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Summary of Adverse Events (portion of table reproduced)

How to quantify benefit-risk?

Multiple occurrences usually not included

Source: Ofev USPI



Proposal
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• Before unblinding, specify important efficacy and safety endpoints

Arrange endpoints by priority

Example

death, acute exacerbations, SAE1, FVC, SAE2

(allows for inclusion of multiple occurrences of events)

• First calculate 𝜽 and C.I. for binary version of primary endpoint

• Next calculate 𝜽 and C.I. sequentially



Analysis
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1

𝑛𝑚
𝑰 𝐆𝐫𝐨𝐮𝐩𝟏𝒋 > 𝐆𝐫𝐨𝐮𝐩𝟐𝒊• 𝑷𝒓𝒐𝒃(A > B) =

Similarly get 𝑃𝑟𝑜𝑏(A < B).      𝜽 is ratio of probabilities 

• 95% C.I. = 𝒆𝒙𝒑 𝐥𝐧𝜽 ∓ 𝟏. 𝟗𝟔 𝒗𝒂𝒓

Relevant Literature
1. Mann-Whitney (Annals Math Stat, 1947) – key idea

2. Finkelstein and Schoenfeld (Stat Med 1999)

3. Buyse (Stat Med 2007)

4. Pocock et al (Eur H J 2012)

5. Yu and Ganju (manuscript under review. Var formula doesn’t 

require individual level data)

6. Evans and Follmann. Stat Biopharm Res 2016 (on Benefit-Risk)

• var ≈
4

3(𝑛+𝑚)𝑘 1−𝑘
×

1+𝑝𝑡𝑖𝑒

1−𝑝𝑡𝑖𝑒

• n and m are group sizes. k is 

proportion in group 1

• 𝑝𝑡𝑖𝑒 = Prob(tie)

No variance formula. 

Bootstrap recommended



Formula Applied to Real Data
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𝜽𝜽

Published result 

required individual level 

data.

Formula (approximation) 

requires summary level 

data

Figure from: Sample size 

formula for a win ratio 

endpoint. Yu and Ganju, 

Manuscript under review. 



Benefit-Risk Evaluation: Made Up Example
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Endpoint 𝜽 95% C.I.

Death 1.03 0.15, 1.91

+ Acute exacerbation 1.10 0.49, 1.57 

+ SAE1 1.02 0.62, 1.43

+ FVC at week 52 (binary) 1.35 1.13, 1.57

+ SAE2 1.15 1.03, 1.45

Null: 𝜃 = 1

B-R favorable if 𝜃 > 1

FVC binary: week 52 value 

within 5% of baseline value

+ Acute exacerbation, for example, means the hierarchy is death followed by acute exacerbations

FVC (binary) at week 52

(made binary to create ties)
𝜃 = 1.50 95% CI: 1.25, 1.75

Benefit-Risk Assessment
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Handling of Missing Data



Convention
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• One primary method, plus

‘Sensitivity’ analyses, sometimes several 

Results will vary

• Unknown: Which result should the public accept? 

What principle should guide us?



Cardiovascular Trial: ATTR-ACT
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- 6MWT, secondary endpoint

- Missing at M30: 49%

- MMRM primary

- Sensitivity analyses

(pattern mixture models)

Maurer et al NEJM 2018



CV Trial: ATTR-ACT
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Mortality CV hosp.

Benefit on mortality and # of CV hosp. (primary endpoint). Contributes to missing and ‘missing’ 6MWT at M30.

Maurer et al NEJM 2018



CV Trial: ATTR-ACT
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FDA statistical review

Variance of analysis? ☺

https://www.accessdata.fda.gov/drugsatfda_docs/nda/2019/211996Orig1s000,%20212161Orig1s000StatR.pdf

Suppose the mortality benefit was even greater than what was observed. 

Would the pattern mixture result move closer to the MMRM result or away from it?



Estimands
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Proposed method: prioritize reason for missing data and include time when 

missing data occurred

ICH E9 (R1) addendum



Prioritization of Reasons 1/5
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• Both patients have month 30 6MWT data 

Compare changes from baseline

Patient A

Patient B

M30, -25 meters

M30, -40 meters

Who did better?

✓



Prioritization of Reasons 2/5
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• Only one patient has month 30 6MWT data 

A

B

Who did better?

✓
M30, -200m

M23, AE

Big decline, but A still better than B



Prioritization of Reasons 3/5
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• Both patients have missing data for the same reason

A

B

Who did better?

✓M23, AE

M20, AE

Case 1

B

A

Case 2 M23, withdrew consent

M20, withdrew consent

Tie



Prioritization of Reasons 4/5
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• Both patients have missing data for different reasons

A

B

Who did better?

✓
M23, withdrew consent

M20, AE

Case 1

M23, AE

M20, withdrew consent
A

B

Case 2 Tie



Prioritization of Reasons 5/5
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• Both patients have missing data for different reasons

A

B

Who did better?

✓
M23, death

M20, AE

Case 1

M23, AE

M20, death
A

B

Case 2

✓



Analysis
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95% C.I. for 𝜽: 𝐞𝐱𝐩 𝐥𝐧𝜽 ∓ 𝟏. 𝟗𝟔 𝒗𝒂𝒓

As before

𝜽 = 
𝑷𝒓𝒐𝒃(A > B)
𝑷𝒓𝒐𝒃(A < B)

𝑷𝒓𝒐𝒃(A > B) =

1

𝑛𝑚
𝑰 𝐆𝐫𝐨𝐮𝐩𝟏𝒋 > 𝐆𝐫𝐨𝐮𝐩𝟐𝒊



Missing Data and Prioritization of Reasons
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• Endpoint is now a combination endpoint 

o Rules for handling missing data transparent and easily understood

• Loss of power possible compared with model-based methods

• Idea extends to other kinds of endpoints



Conclusions (Benefit-Risk, Missing Data)
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• Benefit-Risk
o Pairwise comparisons of hierarchically arranged endpoints provides a 

framework for evaluation of whether benefit > risk, and if so, by how much

o For drugs treating the same condition, can compare the benefit-risk

• Missing data
o Prioritizes reasons (including timing) for missingness. Non-parametric 

solution to the missing data problem 
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Universal (non-parametric) Sample Size

Formula for Parallel Group Trials



Mann-Whitney U Test
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• Nonparametric test of H0: Pr(A>B)=Pr(A<B), where A and B are 

randomly selected values from two populations

Under H0 (in the absence of tied ranks),

𝐸 𝑈 = 0

𝑉𝑎𝑟 𝑈 =
𝑛𝑚(𝑛+𝑚+1)

3

𝑍 =
𝑈−𝐸(𝑈)

𝑉𝑎𝑟(𝑈)

Reject H0 if 𝑍 ≥ 𝑍
1−

𝛼

2

𝑈 =

𝑖=1

𝑛



𝑗=1

𝑚

𝑆(𝐴𝑖 , 𝐵𝑗) ,

with

𝑆 𝐴, 𝐵 = ቐ
1, if 𝐵 < 𝐴,
0, if 𝐵 = 𝐴,
−1, if 𝐵 > 𝐴,



General Sample Size Formula for Mann-

Whitney U Test Is Not Available
32

• Only available for special cases, e.g.

o Continuous endpoint (Noether 1987)

o Ordinal endpoint (Whitehead 1993; Zhao et al. 2008)

o Recurrent event endpoint under equal duration of follow up



Inputs to Universal Sample Size Formula for 

Parallel Group Trials
33

• H0: 𝜃 = 1

H1: 𝜃 > 1

• Inputs to universal sample size formula are:

o Allocation ratio, 𝜃 under H1, 𝛼, 𝛽

o Probabilities of transitive relationships (under H0)

o Probabilities of intransitive relationships (under H0)

𝜃 =
Pr(𝐴 > 𝐵)

Pr(𝐴 < 𝐵)



Transitive Relationships
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✓
DH

H

Patient A

Patient B

Patient C

✓

✓
D

EP2 - Time to first HospitalizationEP1 - Time to Death

A > B, B > C, A > C

H



Intransitivity
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H ✓
DH

H

Patient A

Patient B

Patient C

✓

✓

D

EP2 - Time to first HospitalizationEP1 - Time to Death

A > B, B > C, but C > A!

– Severe



Intransitivity
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H ✓
DH

Patient A

Patient B

Patient C
Tie

✓

D

A > B, B = C, but C > A!

– Moderate

EP1 - Time to Death EP2 - Time to first Hospitalization



Intransitivity
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Tie

D
Patient A

Patient B

Patient C
Tie

✓

D

A = B, B = C, but C > A!

– Mild

EP1 - Time to Death



Different Types of Intransitivity
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Severe

Moderate

Mild

A>B, B>C, but C>A

A>B, B=C, but C>A

A=B, B=C, but C>A



Conditions Giving Rise to Intransitivity 
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• Variable lengths of follow up

and 

• Endpoint

o Survival endpoint (mild intransitivity)

o Recurrent event endpoint (any kind of intransitivity)

o Hierarchical combination of endpoints (any kind of intransitivity)

o Etc.



Derivation of Null Variance
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• Null variance involves comparisons of a triplet of patients

• Each pairwise comparison has three possible outcomes: win, 

loss, or tie

• As a result, there are 33 = 27 possible scenarios

• 13 are transitive scenarios; 14 are intransitive scenarios



Seven Distinct Probabilities
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• Transitive relationships

o A>B>C

o A>B=C

o A=B>C

o A=B=C

• Intransitive relationships

o A>B, B>C, C>A (severe)

o A>B, B=C, C>A (moderate)

o A=B, B=C, C>A (mild)



Null Variance Formula

42

• 𝑉𝑎𝑟 Pr 𝐴 > 𝐵 −Pr 𝐴 < 𝐵 ≈
𝑛+𝑚

𝑛𝑚

𝑝1+𝑝2+𝑝3

3
− 𝑝5 −

𝑝6

3

=
𝑛+𝑚

3𝑛𝑚
1 − 𝑝4 − 4𝑝5 + 2𝑝6 + 𝑝7 ,

where 
𝑝1 = Pr 𝐴 > 𝐵 > 𝐶
𝑝2 = Pr 𝐴 > 𝐵 = 𝐶
𝑝3 = Pr 𝐴 = 𝐵 > 𝐶
𝑝4 = Pr 𝐴 = 𝐵 = 𝐶 = Pr 3−way tie
𝑝5 = Pr 𝐴 > 𝐵, 𝐵 > 𝐶, 𝐶 > 𝐴 = Pr severe intransitivity
𝑝6 = Pr 𝐴 > 𝐵, 𝐵 = 𝐶, 𝐶 > 𝐴 = Pr moderate intransitivity
𝑝7 = Pr 𝐴 = 𝐵, 𝐵 = 𝐶, 𝐶 > 𝐴 = Pr mild intransitivity



Special Cases
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𝑛 +𝑚

3𝑛𝑚
1 − 𝑝4 − 4𝑝5 + 2𝑝6 + 𝑝7

• No tie, no intransitivity

𝑉𝑎𝑟 Pr 𝐴 > 𝐵 −Pr 𝐴 < 𝐵 ≈
𝑛 +𝑚

3𝑛𝑚

• No intransitivity (ties okay)

𝑉𝑎𝑟 Pr 𝐴 > 𝐵 −Pr 𝐴 < 𝐵 ≈
𝑛 +𝑚

3𝑛𝑚
1 − 𝑝4

• Survival endpoint

𝑉𝑎𝑟 Pr 𝐴 > 𝐵 −Pr 𝐴 < 𝐵 ≈
𝑛 +𝑚

3𝑛𝑚
1 − 𝑝4 − 𝑝7



Sample Size Formula for Parallel Group Trials
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𝑉𝑎𝑟 log መ𝜃 ≈
4

1 − Pr 2−way tie 2
𝑉𝑎𝑟 Pr 𝐴 > 𝐵 −Pr 𝐴 < 𝐵

=
𝜎2

𝑁
.

𝑵 =
𝝈𝟐 𝒁𝟏−𝜶 + 𝒁𝟏−𝜷

𝟐

𝐥𝐨𝐠𝟐 𝜽

(𝑁 = 𝑛 +𝑚)



Conclusions
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• Mann-Whitney U test has been around for a long time, but until 

now a general sample size formula has not been available

• Hierarchically combined endpoint is getting popular, sample 

sizes are calculated via simulations which are time-consuming 

and not straightforward

• To use the proposed formula, we need to build experience with 

the component probabilities:

o Probability of a 3-way tie

o Probabilities of intransitive outcomes
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